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ABSTRACT: In this paper, two different strategies are considered for application of a previously proposed hybrid
method designed to model parameter estimation. This method combines the neural networks ability to produce initial
parameter estimates close to the real values with the fast convergence of the Levenberg-Marquardt method using such
estimates. The first strategy is of general applicability, while the second one is intended for models having a structure
defined by various blocks in series. The neuromuscular blockade of patients undergoing general anaesthesia is taken as
the case study for comparing the performances of the two strategies.
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INTRODUCTION

In practical applications, classical estimation techniques often diverge or do not converge to the real values of
model parameters. This is mainly due to their iterative nature, high sensitivity to the choice of parameters involved in
their formulation and to the initial guesses for the parameters to be estimated. In methods like the Levenberg-Marquardt
optimization method (LM) a guaranteed and fast convergence to the real values of the parameters can however
be accomplished if their initial guesses are sufficiently close. These guesses are usually taken from a finite set of known
realizations for the parameters, so that some measure of distance between observed and computed model outputs is
minimized. Even if such set is defined, knowing the statistical distribution for the parameters, one can never be sure of
its “richness” to guarantee the convergence to the real values when curve fitting is carried out by application of the LM
method. In order to overcome this problem and to improve the speed of convergence, it has been proposed in that
initial guesses should be given by an artificial neural network (ANN) able to produce estimates closer to real values
than the ones in the set. This combination represents a Hybrid Method (HM) between a non-iterative — ANN — and an
iterative — LM. It was shown to have better performance than a separate traditional application of LM and ANN,
methods having comparable performances.

In this paper, two different strategies for applying the HM are compared. Neuromuscular blockade model
parameter estimation is used as a case study.

In the sequel, notation and relevant concepts that will be used throughout the paper are introduced.

All input-output model data are supposed to be free from noise. Assume that the model structure and the input
u as a real function of time are known. Therefore, the output y can be described as

7(8,1)= fo (1), M



i.e., by means of a parametric real function of time, where @€ R” ! is the vector of the p model parameters having a
not necessarily known statistical distribution. Furthermore, suppose that fg is at least twice continuously differentiable

with respect to © .
For some realization @ of O, let

¥(8)= (s 0,) (8)=(¥(8.1)...0(6:1,)) @

denote the corresponding vector of 7 observations of the model output at time instants #,...,, such that

oL,
0<t <...<t,. As s the general case, consider that n > p =1. The sensitivity of the observations to the parameters is
given by the matrix

3
S(e):(S(e)ij)izl,.,.,n,jzl,.,.,p’ v

where, for i=1,...,n,j=1,...,p,
4)

$(6), = 22(9).

Assume first that the probability density function pg of @ is known. Then, define the observation covariance
matrix as

Z=Eo| (¥(0) -4 )(¥(€)-4) | ®

where Eg [-]ZJ- . pe(e)dﬁ represents the mathematical expectation over the parameter space Dg, and
De

Uy =Eg [y(@)} represents the mean observation vector. Additionally, define the vector of the p first principal

components of y (9) as
2(6)=V"(v(8)-4,). ©

where Ve R™” is a matrix whose orthonormal columns are eigenvectors corresponding to the p largest eigenvalues
of X
. N . . . . .
If pg is not known, assume that a sample {HS}?:l of size N, exhaustively covering Dy, is available. Then,
X is replaced by the sample observation covariance matrix

B2 (v(@)-v)(v(e)-y)

(7

- I oW
where y = ﬁzsﬂ y (9Y ) represents the sample mean observation vector. It follows that z gives place to

2(8)=V" (y(6)-y). ®

as V isreplaced by a {7 derived from 5! and g, is replaced by ; .

The problem of parameter estimation is that of determining an estimate & of @ from y (9) or Z (9) (2(9) ,
if z (9) is not available).



METHODS

This section presents a brief overview of the Levenberg-Marquardt Method and Artificial Neural Networks,
and a description of the two proposed strategies for applying the Hybrid Method.

THE LEVENBERG-MARQUARDT METHOD
The problem of parameter estimation can be viewed as an optimization one described by
min{E, (6) =< (0)e, (6)]. ©)
where

e, (8)=(ey....e,)1 (O)=y(0)-y(8), (10)

and @ is an estimate of . The minimization of Ey in @ can be reduced to a linear problem in AG* =0—-6" for

the current k-th estimate ék by first expanding e, in a Taylor series about ék and ignoring nonlinear terms as
e, (0" +A6") =z e, (8")+7(6")A6", (1)

where
R Je. R (12)
J(@)=| ="
TR
i=l,..,n,j=L,...,p

is the Jacobian matrix of e, evaluated at 6" . Then, replacing @in the definition of Ey in @to obtain a quadratic

approximation of Ey around ék as
Nk Dy o~ kN Nk Nk Ok 0%\ A Ak 13
E, (8" +A8") = E,(A@") = e](6")e,(8")+2¢](8")(8)A6" + (13)
+A8" I (6)J(6")AE",

the linear problem arises from finding a minimizer AG" for Ey, which amounts to the solution of the normal

equations

J"(6")7(6)26" =-J" (6")e, (8, (14)

derived from VEY (Aék) = (. This establishes the basis for the Gauss method, resumed in the following algorithm:
1. Compute J(ék);

2. Compute A" from equation @
3. Set @' =0 +A8", k=k+1;
4. Repeat from 1 until a stopping criterion is met.

The Gauss method is descendent, in the sense that there exists a step Aék for which
Ak Ak _ Ak Ak” Ak Ak A Ak Ak (15)
E (6" +A0)=E (6")+A0 VEy(O )+O(AG" AG")<E (6"),

since it can easily be seen that Aékr VEy (ék) <0 for all Aék . Nevertheless, this method exhibits a poor performance

and is potentially divergent whenever J' (ék )J (ék) is ill-conditioned, i.e., when the ratio between maximum and



minimum eigenvalues of this matrix is too large. Levenberg and Marquardt solved this problem by introducing
an additional term in the normal equations thus resulting in the augmented normal equations

(I (@)I(6 )+ M 1)AE* =-J" (6" e, (8). (16)

The choice of the value for 4 can be controlled in each iteration by the gain ratio

E (6")-E, (8" +A6") (a7)
= = = "k .
E (0)-E (A8")
= _ Ak o o Ak . . - Ak .
Note that E,(0)=E (") and E (0)—E,(A@")>0. Therefore, a large value of ¥ indicates that E(A@") is a
good approximation to Ey (ék + Aék) ,and A can be decreased so that the next Levenberg-Marquardt step is closer to
the Gauss step. On the contrary, if ¥ is small (maybe even negative) then Ey (Aék) is a poor approximation to

Ey (ék +Aék), and A should be increased with the aim of getting a step closer to the steepest descent direction

(determined by —VEy (0)=-VE, (ék) ) and of reduced length.

The stopping criterion for the described optimization methods can be the satisfaction of at least one of the
following conditions:

. “VEy (0)” <g;

6 =0 e (|6 ] e :
o k>2k_;

max

where £,&, € R and kmax € Z" are chosen by the user. For further details refer to, e.g., @

ARTIFICIAL NEURAL NETWORKS

The purpose here is to describe the use of neural networks for estimation of realizations O of the parameter
vector either from y (0) or z (0) (z (0) ,if Z (0) is not available). Hence, a brief overview of the relevant concepts is

given. For further details on neural networks refer to, e.g.,
The neuron, the neural network elementary unit, is capable of receiving, processing and transmitting data. The
common representation of the neuron function is

@, (X)=c(W'%), (18)

T . . T -
where X =(x,,...,x,)" € R" is the vector of neuron inputs, and W = (W, w,,...,w,)" € R"" is the vector of

neuron parameters weighting X = (I,XT )T to produce the neuron output ¢, (X) through the activation function O .
The standard logistic sigmoidal function is the usual choice for O, i.e.,

1 (19)

O'(f)=1+e_5 ,CeR.

Note that thisisa C” function and hence so is @, .

A neural network is an intricate set of neurons connected in such a way that the output of a neuron is generally
an input to other ones. The number of neurons and the way how they are interconnected determine the neural network
architecture. Multilayer feed-forward neural networks, a class of neural networks having an architecture defined by a
directed acyclic graph, are the only ones here considered. In such networks, the neurons are disjointly split into ordered
layers, the connections among neurons lead only from lower layers to upper ones, and each neuron in one layer is
connected to all neurons in the next one. The input, hidden or intermediate, and output neurons belong to the first,
intermediate, and last layers, respectively. The function of the input neurons is the identity function. Thus, for p output

neurons, the neural network function is



6 (0=(g.....8,) (0, (20)

where, for [ =1,..., p,

@ w(X)=0,| w, +2w,k0'k ((Zwﬂiljj ,

@n

being w i the weight of the connection from the i-th to the j-th neurons, O the activation function of the k-th neuron,

etc. Assume that the activation functions of all the hidden neurons are defined as in (19), and that O; is the identity,

V1 . Therefore, @ isa C” function.

w

Let W denote the set of all C™ functions from R" to IR” and @ the subset of ¥ of all single hidden layer
networks functions. The universal approximation property of this class of networks is presented in the following
theorem.

Theorem 1: @ Given e ¥, a compact X CR", and £€>0, there exists @, € @ such that, for
[=1,...,p,

max sup|D“ (l//l -4 ) (x)‘ <E,

<
asm- ye x

The theorem states that no matter how a function e W, a compact X C R", or the accuracy of

approximation £ > 0 are chosen, one can always find a single hidden layer feed-forward neural network having in X a
function and all derivatives up to order m lying within £ of ¥ and all its derivatives. As € tends to zero, the number

of hidden neurons in the network tends to infinity.

Once the neural network architecture is set, the weights are determined to minimize a performance function
N

relative to a set Tz{(xs,l//(xs))} as

s=1

2 (22)

E ) =3 2l (x,) -6, (x)

This is known as training the network. Several optimization algorithms, such as the Levenberg-Marquardt or the
Improved Rprop @ are used in practice to obtain a near-optimal W for £, . It is important to note that the success

and the duration of the training is intimately related to the complexity of the network architecture, in particular with the
number of inputs. That is why dimensionality reduction by principal components analysis is often considered. Finally,
note that an already trained network implements a ready-to-use function.

The problem of parameter estimation using neural networks is formalized as follows. Consider the functions

W, :0—>y(0), (23)

v, :0—2(6), 24)

where y(6) and Z(6) are defined as in {2)]and [6)] respectively. When do there exist neural networks implementing

left inverse functions ¢1W1 and @, w, of ¥, and V¥,, respectively? Furthermore, does the existence of ¢1w1 is

equivalent to the existence of ¢, w, ? The following theorems give the answers to these questions.



Theorem 2: @There exists a neural network implementing a left inverse function ¢1»W1 of ¥, in @lif and
only if S in has full column rank.

Theorem 3: @There exists a neural network implementing a left inverse function ¢, W, of ¥, in @lif and

only if V'S, for V from @and Sin @ is invertible.

Theorem 4: @If there exists a neural network implementing a left inverse function ¢, W, of Y/, then there

exists another one implementing a left inverse function ¢, w, of ¥/, . The converse is false.

HYBRID METHOD

The implementation of the Hybrid Method can be divided into two phases: the first one consists in training a
neural network to approximate well the map between the space of model input-output observations and the space of
model parameters; the second one, carried out after a predetermined time-interval where data collection occurs, consists
in applying the trained network to obtain a parameter estimate that will be further refined by application of the
Levenberg-Marquardt method. The following algorithm fully describes the method.

First phase

Assume that a set T={(Z(0 ),9

N N
AN )}S:l , with {HS}S:I exhaustively covering the parameter space De, is given.
Choose to take 7 as: i) the set for selecting and training the best possible architecture, using cross-validation to estimate
the generalization error of each of the candidate architectures; ii): the randomly split set into two disjoint sets: 7; for
training the best possible architecture chosen from a set of candidate architectures whose generalization error is

estimated on T, being #1, 2 #T,.

1. Using Theorem 3 verify if there exists a neural network capable of estimating 0 from z (0) . If so, go to step
2, else stop the method application.
2. Find a neural network using 7. Let ¢, denote the neural network function.

Second phase

Assume that y (0) is observed and that z (0) is calculated from (6).
1. Obtain @' =@, (2(0));

2. Take as inputs for the Levenberg-Marquardt method the initial parameter estimate éo = éi and y(e) .

3. Take for final estimate éf the solution @ determined by the Levenberg-Marquardt method to the
minimization problem [9)]

S S

N
Remark: an analogous description of the method can be obtained for T ={(y(¢9 ),9 )} n By Theorem 4, this

description has to be considered if the condition of Theorem 3 fails.

Obviously, the final parameter estimate is more accurate than the initial one produced by the neural network. On the
other hand, it is also expected that the Levenberg-Marquardt method converges to the real value and in fewer iterations
when taking as first estimate the one produced by the neural network. Note that the estimate produced by the neural
network is in principle closer to the real value than one minimizing, in a set of parameter realizations, some measure of

distance between the model outputs calculated from such a set and the observed output y (0) or correspondent Z (0) .



This original implementation strategy of the HM will be referred from now on as HM1. A second implementation
strategy, HM2, is specifically considered for the case where the model structure is defined by various blocks in series as
in It is based on classical approaches to the problem of estimating the parameters of generally

overparameterized models of this kind. The key idea behind HM2 is to estimate all parameters from u (t) to y(t) and

then, in a stepwise fashion, recover each of the intermediate signals while further parameter refinement is made. An
algorithmic description of HM2 is given below

u(t) vy(t) Vit (1) v (1)=y(t)
—_— — e * B 4 — *- ]

Figure 1: Block diagram of a model whose structure is defined by various blocks in series, where u (t) is the input,

v (t),. eVt (t) are the intermediate signals, and v, (t) = y(t) is the output.

Assume a model structure like the one illustrated in
1.  Apply HM1 to the estimation of parameters from u (t ) to y(t) .
2. Forc=m—1toldo
i. Recover v, (t) from v_, (t) through the known relation between both and the estimated
parameterization;
ii. Refine the estimates for the parameters applying HM1 to the submodel from u (t) to v, (t) .
end do

This second strategy of the HM application should be implemented if one verifies that the resulting estimation of the
parameters is improved and pays for the increase of the computational burden.

CASE STUDY

NEUROMUSCULAR BLOCKADE MODEL

The dynamic response of the neuromuscular blockade to intra-venously administered atracurium may be

modelled as shown in [Figure 2:][107] [T1]]

100
ut) ( 4 & J k2l Coft) W r(t)
> I I
+ + + k20 14| —2
st stdy)s [0.651?]

Figure 2: Block diagram of the neuromuscular blockade model.

The drug infusion rate u (t) [ ug kg‘1 minil] is related with the effect concentration c, (t) [,ug mlil] by a means

of a linear pharmacokinetic-pharmacodynamic model, and the latter with the relaxation level r (t) [%] by a non-linear

static Hill equation. Hence, the relaxation level can be expressed as a parametric real function of time,



100 (25)
r(©.1)= fo(1)= -

-1 a, a, ke(
L [(s+ﬂ., " s+4, j S+k€0u(s)j(t)
0.6517

being O = (a1 ,7»1 ,a, ,Xz,keO, p )T the vector of patient dependent parameters. The neuromuscular blockade model has
therefore 6 parameters (al,a2 [kg ml_l],%,l,?\.z,keO [min_l], ,B), which follow a multidimensional log-normal
distribution E‘ Note that the c, (t) normalization factor, known as C,, has been fixed in its mean value

0.6517 [,ug ml'l], since it has been shown in @that this parameter can’t be estimated from a bolus response

(u(1)=B3(t—1)).

RESULTS

A random sample of size N =9000 from the multidimensional log-normal probability distribution for the
pharmacokinetic-pharmacodynamic parameters was generated. The relaxation level to a bolus of 500 [,ug kgil]

administered at # =0 minutes was calculated. Data record was confined to the first 10 minutes as this is the mean time
to recovery and the instant after which control action taking into account the estimates for the parameters is initiated.
Since the relaxation level was calculated every 20 seconds, let

r(0)=(r(6,t,),....r(8,)) (26)

denote the resulting vector of 31 observations at time instants #, = (i — l) / 3 minutes, i =1,...,n =31. The resulting set
19000

{(r(es)’es )J;:l

T’ (#T '=4000) for HM1 and HM2 testing, in order to comparatively evaluate the performance of the two

was randomly split into two disjoint sets: T (#T = 5000) , for ANN selection and training, and

implementation strategies of the Hybrid Method.
On [Table I:[one can find some statistics of the absolute relative error

_ 27

100><‘ L [%],i=1,...,6,j =1,...,#T" = 4000,

i

for each of the 6 parameters 6, =a,,...,0, = [ on the test set, when estimation is carried out by application of the

ANN, HM1 and HM2. The results concerning the ANN should be seen as the starting point for the estimation process
carried out by the HM.



Absolute relative estimation error [%]
Parameter Method

Minimum 1% Quartile Median 3" Quartile Maximum

ANN 1.1E-3 3.2 6.9 1.2E+1 1.4E+2
a HM1 8.1E-6 34E-3  93E2  12E+] 5.2E+3
HM2  2.4E-7 13E-3  2.6E-2 2.4 5.0E+2
ANN 1.0E-4 1.0 2.1 3.9 1.4E+2
M HM1 6.1E-8 2.1E-5  4.0E-4  2.1E-2 3.0E+2
HM2  9.5E-9 13E-5  2.1E-4  92E-3 3.7E+3
ANN  3.5E3 1.6 3.4 6.5 74E+1
a, HMI 7.3E-8 72E-4  3.1E22 3.9 1.8E+4
HM2 1.1E-9 24E-4  88E-3  78E-l 1.8E+2
ANN  42E3 1.9 4.1 73 73E+1
A, HMI 4.8E-6 12E-3  15E2  83E-l 1.1E+3
HM2  3.0E-7 51E-4  51E3  2.0E-l 1.0E+3
ANN  6.6E-3 23 4.7 8.1 3.6E+1
keO HMI 6.7E-6 2.5E-3  5.9E-2 8.1 1.0E+3
HM2 1.8E-7 9.5E-4  1.7E-=2 1.6 1.6E+3
ANN  3.7E-4 24E-1  5.1E-1  93E-l 4.7E+1
B HMI1  2.0E-12 1.6E-7  83E-7  4.3E-5 42
HM2  2.0E-12 1.6E-7  83E-7  43E-5 42

Table I:. Some statistics of the absolute relative error [%] on the test set when estimation is carried out by application of
the ANN and the two HM implementation strategies.

In what concerns error central tendency, one reads from the table that the estimates for all parameters are, in general,
and as expected, much better when produced by the HM than by the ANN, in the sense that they are less biased, if
biased at all. Note that the worst HM case is that of a; estimation by HM1, where the median error is only about 0.1%.
One concludes that the two HM implementation strategies are comparable in this context of a generally very well
succeeded estimation. With respect to the error dispersion, measured by the inter-quartile range IQR, it can be seen that,
for all estimated parameters, IQR for HM?2 is less than IQR for HM1. Furthermore, in 75% of the cases, the estimation
error by HM2 is no more than 2.4%. Note that in the 25% of the cases considered between the median and the 3™
quartile, the quality of estimation decreased much more by HMI1 application than by HM2 application, namely in

parameters a,,a, and keQ. Finally, worst estimation cases, corresponding to the maximum value of the error, are
worse in the HM application, with the exception of parameter [ . This is due to the high sensitivity of the Levenberg-
Marquardt method to the initial estimates.

In order to evaluate the overall impact of estimating all parameters on the relaxation level r, one has first
investigated the contribution of each parameter to the shape of the relaxation curve. To that end, it was computed a
time-varying parameter weight for each of the 6, raging from 0 (no contributing parameter) to 1 (only contributing
parameter), and given by

SAD(6,,t) (28)
PW, (1) =200 2,6,
2, S4D(6,1)

i=1

being the sum of absolute deviations S4D defined as



) . (29)
SAD(6,,t) =779{ > r(@,t)—r(@(a = G)t)u
=0:1/3:¢
where 7]g denotes the median with respect to the vector of parameters. illustrates PW.(t),i=1,...,6, for

t=0:5:120 minutes. It can be seen that the shape of  is dominated in the beginning by «,, and by a, beyond 35
minutes.
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Figure 3: Measure of parameter contribution through time to the relaxation level r.

The global estimation error [%], representing the overall impact on the relaxation level of estimating all 6 parameters,
was then defined as

6 _9 (30)
P10y 2%
=1 i

i i

The reason why this measure of goodness-of-fit was considered instead of the common sum of absolute (or squared)
deviations between the observed and the estimated relaxation level curves has to do with the fact the Levenberg
Marquardt method does a curve fitting and, therefore, a small error produced by the latter measure may not reflect a bad
parameter estimation. shows some statistics of the global estimation error [%] on the test set when estimation
is carried out by application of the ANN, HM1 and HM2.

Global estimation error [%]

Method
Minimum 1% Quartile Median 3" Quartile Maximum
ANN 1.4E-1 2.9 53 8.8 9.4E+1
HMI 5.4E-6 2.3E-3 6.3E-2 8.4 4.8E+3
HM2 2.0E-7 8.7E-4 1.8E-2 1.7 4.7E+2

Table II:. Some statistics of the global estimation error [%] on the test set when estimation is carried out by application
of the ANN and the two HM implementation strategies.

One concludes once again that there is a clear superiority of HM2 over HM1 beyond the 50% of the cases associated
with the median value for the global error. This is a consequence of the dominating parameter ¢, on the first 10
minutes of the relaxation level curve (Figure 3:) being better estimated by HM2 than HM1 ([Table T:).

illustrates the worst estimation case (maximum global error) by the ANN and the two HM implementation
strategies.
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Figure 4: Illustration of the worst estimation case (maximum global error) by the ANN and the two HM implementation
strategies.

CONCLUSIONS

In this paper, two different strategies were considered for application of a previously proposed hybrid method designed
to model parameter estimation. The first strategy is of general applicability, while the second one is intended for models
having a structure defined by various blocks in series, as is the case of the model representing the neuromuscular
blockade of patients undergoing general anaesthesia, used as a case study for comparing the performances of the two
strategies. One could conclude that both are comparable in terms of the estimates biases, but not of the variances, in
which case the second strategy is better at the expense of a higher computational burden. Future work will consider the
presence of noise at the model output.
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