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Abstract

In this study we will focus on piece-wise linear state space models for gene-protein interaction net-
works. We will follow the dynamical systems approach with special interest for partitioned state spaces.
From the observation that the dynamics in natural systems tends to punctuated equilibria, we will focus
on piecewise linear models and sparse and hierarchic interactions, as for instance described by Glass,
Kauffman, and de Jong. Next, the paper is concerned with the identification (a.k.a. reverse engineering
and reconstruction) of dynamic genetic networks from microarray data. We will describe exact and ro-
bust methods for computing the interaction matrix in the special case of piecewise linear models with
sparse and hierarchic interactions from partial observations. Finally, we will analyze and evaluate this
approach with regard to its performance and robustness towards intrinsic and extrinsic noise.

Keywords: piecewise linear, robust identification, hierarchical networks, gene expression data, gene
regulatory networks.

1 Introduction

This paper is concerned with the identification of dynamic gene-protein interaction networks with intrinsic
and extrinsic noise from empirical data, such as a set of microarray time series.

Prerequisite for the successful reconstruction of these networks is the way in which the dynamics of their
interactions is modeled. The formal mathematical modeling of these interactions is an emerging field where
an array of approaches are being attempted, all with their own problems and short-comings. The underlying
physical and chemical processes involved are multifarious and hugely complex. This condition contrasts
sharply with the modeling of inanimate Nature by physics. While in physics huge quantities of but a small
amount of basic types of elementary particles interact in a uniform and deterministic way provided by the
fundamental laws of nature, the situation in gene-protein interactions deals with tens of thousands of genes
and possibly some million proteins. The quantities thereby involved in the actual interactions are normally
very small, as one single protein may be able to (in)activate a specific gene, and thereby change the global
state of the system. For this reason, gene regulatory systems are much more prone to stochastic fluctuations
than the interactions involved in normal anorganic reactions. Moreover, each of these interactions is different
and involves its own peculiar geometrical and electrostatic details. There are different processes involved
like transcription, translation and subsequent folding. Therefore, the emergent complexity resulting from
gene regulatory networks is much more difficult to comprehend.

In the past few decades a number of different formalisms for modeling the interactions amongst genes
and proteins have been presented. Some authors focus on specific detailed processes such as the circadian

1



rhythms inDrosophilaandNeurospora[10], [11], or the cell cycle inSchizosaccharomyces(Fission yeast)
[14]. Others try to provide a general platform for modeling the interactions between genes and proteins. For
a thorough overview consult de Jong (2002) in [2], Bower (2001) in [1], and others [6], [13].

We will focus on dynamical models, and not discuss static models where the relations between genes
are considered fixed in time. In discrete event simulation models the detailed biochemical interactions are
studied. Considering a large number of constituents, the approach aims to derive macroscopic quantities.
More information on discrete event modeling can be found in [1].

In section 2 we will review formalisms for modeling the interactions amongst genes and proteins. We
will shortly discuss how kinetic rate equations relate to (stochastic) differential equations (SDEs), and sketch
how from such SDEs we can model the interactions as piecewise linear systems. In section 3 we discuss how
these mathematical models can be employed to reconstruct their view on the interactions from empirical
data. In section 5 we consider the lessons we can learn from Nature in designing control systems robust
towards stochastic fluctuations and chaos.

2 Modeling gene-protein interactions as a piecewise linear system

The traditional approach to modeling the dynamical interactions amongst genes and proteins is by consider-
ing them as biochemical reactions, and thus representing them as ’rate equations’. The concept of chemical
rate equations consists of a set of differential equations, expressing the time derivative of the concentration
of each constituent of the reaction as some rational function of the concentrations of all the constituents
involved. Though the truth of the underlying biochemical interactions between the constituents is gener-
ally accepted, a rate equation is not a fundamental law of Nature, but a statistical average over the entire
ensemble of molecular collisions that contribute to an actual chemical reaction [22]. So, rate equations are
statistical approximations that – under certain conditions – predict the average number of reactive collisions.
The actual observed number will fluctuate around this number, depending on the details of the microscopic
processes involved. In case of biochemical interactions between genes and proteins the applicability of the
concept of rate equations is valid only for genes with sufficient high transcription rates. This is confirmed
by recent experimental findings by Swain and Elowitz [5], [16], [18], [19].

From the above, we may conclude that modeling can only be successful for genes with sufficiently high
transcription rates. Even in the optimal case, we would obtain a high-dimensional (reflecting the number of
genes, RNAs, and proteins involved – so tens of thousands), non-linear, differential equation, that is subject
to substantial stochastic fluctuations. Much more problematic is the fact that the precise details of most
reactions are unknown, and therefore cannot be modeled as rate equation. This could be compensated by
a well-defined parametrized generic form of the interactions, such that the parameters could be estimated
from sufficient empirical data. A generic form based on rational positive functions is proposed by J. van
Schuppen [23]. However, in the few cases where parts of such interaction networks have been described
from experimental analysis, like the circadian rhythms in certain amoeba [10], or the cell cycle in fission
yeast [14], it is clear that such forms have a too extensive syntax to be of any practical use.

Let us for the moment forsake these problems, and consider the dynamics of gene-RNA-protein net-
works. When we assume a stochastic differential equation as model for the dynamics of the interaction
network, the relation can be expressed as:

ẋ = f (x,u|θ) + ξ(t) (1)

Here x(t), called the state-vector, denotes theN gene expressions andM RNA/protein densities at time
t – possibly involving higher order time derivatives.u(t) denotes theP controlled inputs to the system,
such as the timing and concentrations of toxic agents administered to the system observed.ξ(t) denotes
a stochastic Gaussian white noise term. This expression involves a parameter vectorθ, that contains the
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coupling constants between gene expressions and protein densities. We can consider this system as being
represented by the state vectorx(t) that wanders through the (at least) (N + M)-dimensional space of all
possible configurations. In the formalism of dynamic systems theory, eventuallyx will enter an area of
attraction, and become subject to the influence of an attractor. An attractor here can be an uniform convergent
attractor, a limit cycle, or a ’strange attractor’. We can understand the entire space as being partitioned into
cells, where such attractors – or their antagonists so-called repellers – reign. Thus, the behavior ofx can
be described by motion through this collection of cells, swiftly moving through cells of repellers, until
they enter the basin of attraction of an attractor. Under the effects of external agents via the vectoru(t)
or by stochastic fluctuations viaξ(t) they can leave this cell, and start wandering again, thereby repeating
the process. Now, a vital assumption is that in each cell the behavior is governed by specific (un)stable
equilibrium points, and therefore it is possible to make a linear approximation of equation 1 in the cell with
index l as:

ẋ(t) = Fl x(t) +Glu(t) (2)

In case of a uniform attractor the largest eigen-value ofFl will be negative, and in case of a uniform repeller
the smallest eigen-value will be positive. We can now formalize the qualitative behavioral dynamics of gene-
protein interactions as predominantly linear behavior near the stable equilibria – called the steady states,
interrupted by abrupt transitions where the system quickly relaxes to a new steady state, either externally
induced or by process noise.

In biology such behavior is frequently observed, as for instance in embryonic growth where the organism
develops by transitions through a number of well-defined ’check points’. Within each such checkpoint the
system is in relative equilibrium. There is an ongoing debate on mathematical modeling of cell division as
checkpoint mechanismsversuslimit-cycle oscillators, see [20]. We will follow the view ofpiecewise linear
behavior(PWL, also known more appropriately as piecewiseaffinebehavior). This approach corresponds
to the piecewise linear models introduced by Glass and Kauffman [9], and the qualitative piecewise linear
models described by de Jong et al. [2], [3].

3 The identification of piecewise linear networksby L1-minimization

Next, we will be concerned with the identification (a.k.a.reverse engineeringor reconstruction) of piece-
wise linear gene regulatory systems from microarray data. The nature of our problem – few microarray
experiments and lots of genes – implies that we are dealing withpoor data(as opposed torich data), where
the number of measurements isa priori insufficient to identify all parameters of the system. One standard
approach to circumvent this problem is by dimension reduction through the clustering of related genes. We
consider the case where time series of genome-wide expression data is available. The case of the identifica-
tion of asimplelinear system is discussed in Peeters and Westra [15], [26], and Yeung et al. in [27]. In the
following, we will be concerned with the identification ofpiecewiselinear systems. Our aim is to obtain the
gene-gene interaction matrix. This matrix can be interpreted as a connectivity matrix, and so directly relates
to the graph of the gene regulatory network. With this network we are able to make statements like: ’the
expression of this gene causes that and that cluster of genes to alter their expression in this and this way’.

Let us in the following assume a dynamical input-output systemΣ that switches irregularly betweenK
linear time-invariant subsystems{Σ1,Σ2, . . . ,ΣK}. Let S = {s1, s2, . . . , sK−1} denote the set of – possibly
unknown – switching times, i.e. the time instantst = sl that the system switches from subsystemΣl to Σl+1.
Similarly as with the simple linear networks, we assumeHankel matrices X= (x[1], x[2], . . . , x[M]), and
U = (u[1],u[2], . . . ,u[M]) at M sampling timesT = {t1, t2, . . . , tM}, representing full observations of theN
states andP inputs. The interval between two sample instants is denoted asτk = tk+1 − tk. In first instance
we assume that the system is sampled on regular time intervals, i.e. that the sample intervals are equal toτ.
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Within one subsystemΣl the relation between the inputsu(t) and outputsy(t) is represented as a state-space
system of first-order differential (for continuous time systems) or difference equations (for discrete time
systems), using an auxiliary vectorx(t) spanning the so-called subspace.

Continuous time:

ẋ(t) = Fl x(t) +Glu(t), (3)

y(t) = Hl x(t) + Jlu(t). (4)

Discrete time:

x[k+ 1] = Al x[k] + Blu[k], (5)

y[k] = Cl x[k] + Dlu[k]. (6)

The relation between these is given by:

Al = eτFl , (7)

Bl = eτFlGl . (8)

with x[k] = x(tk) .

3.1 Determination of the new state equilibrium points

Moreover, in each new state the new equilibrium pointµl ∈ R
N has also to be established. The linearization

nearµl can be written as:

∂

∂t
(µl + (x− µl)) = Fl(x− µl) +Glu+ O(‖x− µl‖

2) (9)

which can be rewritten as: ˙x = Fl x+ G̃l ũ, with:

G̃l = (Gl | − Flµl) , (10)

ũ =

(
u
1

)
. (11)

The reasoning is similar in the discrete case, and we obtain:x[k + 1] = Al x[k] + B̃l ũ[k]. Therefore, we can
follow the original formulation and, using ˜u rather thanu as input, estimateAl andB̃l , and using:

B̃l = (Bl | − Alµl) , (12)

to computeµl andB. We will follow this approach, and from here on drop thetilde, and simple writeBl for

(Bl | − Alµl), andu[k] for

(
u[k]

1

)
.

3.2 General dynamics of switching subsystems

In the context of piecewise linear systems of gene regulatory systems, the dynamics is slightly different to
the case of simple linear systems as in [15]. In our context we assume that we observeall N genes, and that
there is no direct through-put. This means thatCl = I andDl = 0 for all l. Therefore, we can suffice with
equation 5 corrected for the equilibrium point:

x[k+ 1] = Al x[k] + Blu[k]. (13)
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We furthermore assume that the system matrices in these equations are constant during intervals [sl , sl+1 >,
and abruptly change at the transition between the intervals att = sl+1. We assume that on the time scaleτ the
system has relaxed to its new state. This means that we do not observemixed states, which would severely
complicate the problem of identification.

Finally, we define theweights wkl, as the membership functions of observationk to subsystemΣl ; if
observation{x[k],u[k]} belongs to systemΣl thenwkl = 1, if {x[k],u[k]} does not belong toΣl thenwkl = 0.
This definition allows for afuzzydefinition of weight, such thatwkl ∈ [0,1]. A priori, we thus can state two
constraints onw:

∀k,lwkl ∈ [0,1], (14)

∀l

∑
l

wkl = 1. (15)

The challenge in system identification is to estimate the relevant model parameters in piecewise linear
dynamics from empirical observations. The success of this approach depends on the amounts of empirical
data available –rich or poor, the validity of the mathematical model, the levels of process noise and mea-
suring noise, and the nature of the sampling process. In case of regular sampling the discrete model 5 can
be applied which leads to more straightforward techniques than the continuous model 3 that should be used
in case of irregular sampling. In the following sections we will study a number of these conditions in more
detail.

3.3 Identification of PWL models with unknownswitching and regular sampling from poor
data

The assumption that the switching times between the linear subsystems are completely known suits various
experimental conditions, as for instance when toxic agents are administered. In many biological situations,
however, the exact timing between subsystems is not known, as during embryonic growth and in many
metabolical processes.

3.3.1 As an extension to the simple linear systems in case state derivatives are available

When a sufficiently accurate record of estimates of the state derivativesẊ = {ẋ[1], ẋ[2], . . . , ẋ[M]} is avail-
able, we can simply rewrite this problem as a special case of the method described in the case of a simple
linear problem as in [15]. In fact, by exploiting the dataD = {X,U, Ẋ}, the problem can be stated as a linear
equation in terms of new matricesH1 andH2 as:

Ẋ = H1X + H2U. (16)

In this equation the matricesH1 andH2 relate to the – unknown – system matrices{A1, B1, . . . ,AK , BK} and
ditto unknown weights{wkl} as:

vec(H1) =W · vec(A), (17)

vec(H2) =W · vec(B). (18)

The matricesA, B, andW are composed as follows:

A =

 A1

. . .

AK

 , B =

 B1

. . .

BK

 , W = w⊗ IN2 =

 w1,1IN2 . . . w1,K IN2

. . . . . . . . .

wM,1IN2 . . . wM,K IN2

 , (19)
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where⊗ is the Kronecker-product, andIN2 is the N2 × N2 identity matrix. Note that equation 16 is not
anymore a linear problem, as the unknown matricesA, B, andW appear in a non-linear way in the equation.
This equation is exactly of the type of simple linear networks as in [15]. Therefore, its solution method is
fully applicable, so that an efficient and accurate algorithm is available for solving this problem in terms of
H1 andH2. However, now the problem has shifted to solving two additional non-linear equations:

W � A = H1, (20)

W � B = H2. (21)

whereA, B, andW have to be solved from the known – i.e. computed – matricesH1 andH2. The operation
� makes the relations in equations 20 and 18 explicit. This is an underdetermined system that can only be
solved by additional information, such as assuming sparsity forA, and a block structure forW, such as the
two constraints in equations 14 and 15.

This non-linear problem can thus be solved in terms ofH1 andH2, but not in terms ofA, B, andW. It
is a bilinear problem in terms ofA andB for fixed W, otherwise it is a quadratic problem. As a quadratic
programming problem this is not a a well-posed problem, i.e. it has a nonsingular Jacobian at optimality and
is ill-conditioned as the iterates approach optimality. Therefore, we follow a different approach and split the
problem in two LP-problems that are well-posed. The approach is as follows: (i) initializeA, B, andW, (ii)
perform the iteration:

1. ComputeH1 andH2, using the approach from Peeters and Westra [15] on equation 16,

2. Using fixed values for the weightsW, computeA andB using equations 20, and 21,

3. Using fixed values for matricesA andB, compute the weightsW using equations 14, 15, 20, and 21,

until: (iii) a cumulative weighted error criterionE has converged sufficiently – or a maximum number of
iterations has passed. A proper choice for the criterion function is:

E(A, B,W|D) =
∑
k,l

wkl‖Al x[k] + Blu[k] − ẋ[k]‖22 (22)

This problem can be solved by minimizing the quadraticL2-criterion subject to mentioned constraints, for
instance by a gradient descent method. We can, however, formulate a different approach for solving this
problem by defining an alternative criterion functionE, namely as a linearL1-criterion:

E1(A, B,W|D) =
∑
k,l

wkl‖Al x[k] + Blu[k] − ẋ[k]‖1 (23)

This expression allows for an LP-formulation of the problem, in whichE1 serves as the objective function.
Thus, we can split the non-linear optimization problem as two separate LP-formulations that are successively
applied in the iteration; (i) an LP-problemLP1 for obtaining the system matricesA andB from minimizing
objective functionE1 with given weightsw, subject to the constraints in equations 20 and 21; and (ii) an LP-
problemLP2 for obtaining the weightsw from minimizing objective functionE1 with given system matrices
A andB , subject to the constraints in equations 14, 15, 20, and 21.

We will revisit this philosophy in the next Section, when reviewing the more realistic case when the state
derivatives of the gene expressions arenot available.

3.3.2 Using the discrete dynamics of state-space representations

Now we will focus on the general case that only the state vectorsX – i.e. the genome wide expressions – and
the external inputsU are available as empirical dataD. In this case the objective of system identification
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is to concurrently compute the system parametersA, B, and weightsW, and the switching timesS =
{s1, . . . , sK−1}

1. Equation 5 provides us with the state space equations for such a system. In absence of
noise the model evolution of the system fortk ∈ [sl , sl+1 > can be represented as:

x[k+ 1] = Al x[k] + Blu[k] (24)

In practical experimental conditions, white process and measuring noise adds to the righthand side. The fit
between the empirical data and the model can be quantified by the weighted difference between observed
and expected expression profiles expressed as a linearL1-criterion:

E(ξ,w|D) =
∑
k,l

wkl‖Al x[k] + Blu[k] − x[k+ 1]‖1 (25)

Here,ξ ≡

(
vec(A)
vec(B)

)
represents the set of system parametersΘ, andD ≡ {X,U,T} the observed Hankel

matrices, i.e. the measured genome-wide expressionsX, external inputsU, and sampling instancesT. The
criterion furthermore involves the relation between thek-th observation and thel-th subsystemΣl ; namely
theweight wkl that denotes the membership ofk-th observation to subsystemΣl , and thedistance dkl between
observed and the expected value of observationk relative to subsystem modelΣl , as stated in equation 24.
The problem of estimating the system parameters can thus formally be defined as the search for the vectors
ξ∗ andw∗ that globally minimizeE.

QP: given the dataD, compute the system matricesξ and the weight matrixw:

(ξ∗,w∗) = arg minξ∈RN(P+N),w∈RKM E(ξ,w|D)
subject to:

E(ξ|D) =
∑M−1

k=1
∑K

l=1 dklwkl

∀k∈{1,..,M−1}∀ldkl = ‖x[k+ 1] − Al x[k] − Blu[k]‖1
∀k,lwkl ∈ [0,1]
∀l

∑
l wkl = 1

(26)

This is a convex quadratic optimization problem that is, similar to the case in the previous Section, not well
posed because it has a nonsingular Jacobian at the optimum, and becomes ill-conditioned as the iterates
approach optimality. Instead of this quadratic programming problem we will therefore again study the two
coupled linear programming problems associated to the original.

LP1: given weight matrix ˜w compute the system matricesξ∗:

ξ∗ = arg minξ∈RN(P+N) E(ξ, w̃|D)
subject to:

E(ξ∗, w̃|D) =
∑M−1

k=1
∑K

l=1 dklw̃kl

∀k∈{1,..,M−1}∀l dkl = ‖x[k+ 1] − Al x[k] − Blu[k]‖1

(27)

LP2: given system matrices̃ξ – and therefore theL1-distancesd̃kl = ‖x[k + 1] − Ãl x[k] − B̃lu[k]‖1 –
compute the weight matrixw∗:

w∗ = arg minw∈RKM E(ξ̃,w|D)
subject to:

E(ξ̃,w|D) =
∑M−1

k=1
∑K

l=1 d̃klwkl

∀k,lwkl ∈ [0,1]
∀l

∑
l wkl = 1

(28)

1There is a direct relation between switching instantsS and the weightsw, namely that within one time interval [sn, sn+1 > the
weightswkl, with sn ≤ tk < sn+1, are equal.
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As we assume that the subsystems{Σ1,Σ2, ..,ΣK} act disjointly and subsequently, the result can be improved
by matching the weights to a block function structure; i.e. thatwkl = 1 for tk ∈ [sl , sl+1] and wkl = 0
elsewhere. This may, however, introduce other problems, for instance if the same subsystem is revisited at
different switching intervals.

In this computation we have not yet involved the sparsity and the hierarchy of the interactions, resulting
in the row-sparsity of matrices{A1,A2, ...,AK}. This can be achieved by adding a regularization term to the
criterion, containing theL1-vector norm of theA-matrices2: ‖A‖1 ≡

∑K
l=1 ‖Al‖1. The regularization term is

coupled with a small given parameterε0. J.J. Fuchs [7], [8] has described conditions under which such a
regularization term drives the optimization problem towards the global solution. Though these conditions
do not strictly apply here, in numerical simulations we find that this approach succeeds. So, we obtain a
reformulation of the first LP-problem in equation 27:

LP1*: given weight matrix ˜w compute the system matricesξ∗:

ξ∗ = arg minξ∈RN(P+N) E(ξ, w̃|D) + ε0‖A‖1
subject to:

E(ξ, w̃|D) =
∑M−1

k=1
∑K

l=1 dklw̃kl

∀k∈{1,..,M−1}∀l dkl = ‖x[k+ 1] − Al x[k] − Blu[k]‖1

(29)

These two LP-problems can be solved efficiently with a partial dual simplex method as in [15], or by us-
ing large scale or interior points methods. The algorithm to estimate the system parametersξ andw consists
of iteratively solving the two optimizations LP1* and LP2 subsequently, until the criterionE(ξ,w|D)+ε0‖A‖1
has sufficiently converged. Though the solution of the original quadratic programming problem QP in equa-
tion 26 is also the global solution of the two coupled LP-problems LP1* and LP2, unfortunately there can
exist local solutions to the couple{LP1*,LP2}. For this reason, the approach has to be performed various
times with different starting points.

4 Performance of the partial dual linear programming identification ap-
proach.

This approach resulted in an efficient and fast algorithm that is able to accurately estimate the gene-gene
coupling matrix for tens of thousands of genes based on only several hundred genome wide measurements,
and that is robust towards measurement noise. With increasing measurement noise or decreasing number of
measurements the approach retains the strongest gene-gene coupling links - i.e. the largest modal value of
the coupling matrixA - longest, see Figure 1.

A basic assumption in the approach is the sparsity of the underlying gene-gene coupling matrix, rep-
resented by the number of non-zero entries per row. If this number grows above a certain threshold the
performance of the approach is severely affected, see Figure 2b. A number of numerical experiments were
performed with this approach. The numerical experiments clearly demonstrate the range where the ap-
proach is effective. For relatively moderate noise levels and a high degree of sparsity i.e., a small numberk
of nonzero elements in the rows of matrixA - and not too many external stimulip, the approach allows one
to reconstruct a sparse matrix with great accuracy from a relative small number of observationsM � N.
For example, a row ofA with 30,000 components of which all but 10 are equal to zero, can be efficiently
reconstructed from just 150 independent measurements, see Figure 4a. The sparsity property ofA fits in
nicely with the technique ofL1-minimization, which automatically will always set many entries of the solu-
tion A∗ to zero, whereasL2-regression would spread out the error over all components, thus creating many

2TheL1-vector norm of A:‖A‖vec,1 ≡ ‖vec(A)‖1 differs from theL1-matrix norm:‖A‖mat,1 ≡ max‖x‖=1
‖Ax‖1
‖x‖1
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small components. Reconstruction of large networks from this approach is straightforward: each of the
rows of the gene-gene interaction matrix can be computed independently from the same set of micro-array
experiments.

Figure 1: The influence of increasing intrinsic noise on the identifiability. The plot shows the corresponding
values of the gene-gene matrixa ≡ vec(A), and increasing zero-mean Gaussian noise added toA. The red
dots indicate the true value ofa, and the blue line the reconstructed valuesa∗. For low noise levels, like
0.1, the non-zero values ofa are recovered without exception. At noise level 0.4 only the largest modulus
maxima values have a chance to be found.

5 Discussion

In this work we have presented an approach for modeling and identification of gene regulatory networks
from near genome wide expression profiles with a relative small amount of time instances using a piecewise
linear state space model. The state space model is a rich and flexible metaphor from mathematical systems
theory that applied to this case allows for hierarchical activation through master genes, representing the
effects of multiple external inputs, hidden states such as none-observed genes or protein densities, and the
effects of process and measurement noise. For this piecewise linear state space modeling we have presented
an identification technique, based on a coupled set of two linear programming problems. This approach
resulted in an efficient and fast algorithm that is able to accurately estimate the gene-gene coupling matrix
for tens of thousands of genes based on only several hundred genome wide measurements, and that is robust
towards measurement noise.
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Figure 2: a: CPU-timeTc as a function of the problem sizeN, b: Number of errors as a function of the
number of nonzero entriesk in x0, for M = 150,m= 5, N = 50000.

Figure 3:a: Number of errors as a function ofM for N = 50000,k = 10,m = 0, b: Computation time as a
function ofM, for N = 50000,k = 10,m= 0.

Figure 4:a: Dependency of the critical valueMmin required to compute the matrix free of error versus the
problem sizeN, b: Number of errors as a function of the intrinsic noise levelσA, for N = 10000,k = 10,
m= 5, with M = 150 and measuring noiseσB = 0.
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There remain a number of difficulties with regard to the system identifiability of this approach, i.e. the
potential to reconstruct the interaction network from empirical data.

1. Due to the huge costs and efforts involved in the experiments, only a limited number of time points
are available in the data. Together with the high dimensionality of the system, this makes the problem
severely under-determined.

2. In the time series many genes exhibit strong correlation in their time-evolution, which is not per se
indicative for a strong coupling between these genes but rather induced by the over-all dynamics of
the ensemble of genes. This can be avoided by persistently exciting inputs.

3. Not all genes are observed in the experiment, and certainly most of the RNAs and proteins are not
considered. therefore, there are manyhiddenstates.

4. Because the identification techniques proposed below work on the rows, the hierarchical principle
does not cause a problem, as the gene-gene interaction matrix is highly row-sparse but not column-
sparse. In fact, the method utilizes the sparsity of the matrix as an implicit constraint, namely that the
value of the components of the matrix should be zero.

5. Effects of stochastic fluctuations on genes with low transcription factors are severe and will obscure
their true dependencies.

With this approach it is possible to reconstruct the steady states and the associated switching times of a
metabolic processes from a set of micro-array experiments. In each steady state the gene-gene interaction
matrix defines the network topology. The micro-array technique exhibits a strong increase in efficiency and
a simultaneous decrease in associated costs. In the near future this will enable the registration of large time
series of genome wide expression profiles and associated protein densities. The future availability of such
data makes the further development of the mathematical modeling and associated identification of dynamic
gene expression, as the approach presented here, an important condition for deducing and understanding the
underlying interactions between genes and their environment.
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